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ON WIGNER’S THEOREM IN SMOOTH NORMED SPACES
DIJANA ILISˇEVIC´ AND ALEKSEJ TURNSˇEK
Abstract. In this note we generalize the well-known Wigner’s unitary-anti-
unitary theorem. For X and Y smooth normed spaces and f : X → Y a
surjective mapping such that |[f(x), f(y)]| = |[x, y]|, x, y ∈ X, where [·, ·] is
the unique semi-inner product, we show that f is phase equivalent to either
a linear or an anti-linear surjective isometry. When X and Y are smooth
real normed spaces and Y strictly convex, we show that Wigner’s theorem is
equivalent to {‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = {‖x+ y‖, ‖x− y‖}, x, y ∈ X.
1. Introduction
Let (H, (·, ·)) and (K, (·, ·)) be inner product spaces over F ∈ {R,C} and suppose
that f : H → K is a mapping satisfying
|(f(x), f(y))| = |(x, y)|, x, y ∈ H. (1)
Then the famous Wigner’s theorem says that f is a solution of (1) if and only if it
is phase equivalent to a linear or an anti-linear isometry, say U , that is,
f(x) = σ(x)Ux, x ∈ H,
where σ : H → F, |σ(x)| = 1, x ∈ H , is a so called phase function. This celebrated
result plays a very important role in quantum mechanics and in representation
theory in physics. There are several proofs of this result, see [3, 8, 9, 11, 12, 16, 17,
18] to list just some of them. For generalizations to Hilbert C∗-modules see [2, 15].
On each normed space X over F there exists at least one semi-inner product
(s.i.p.), see [10, 13], on X which is a function [ ·, · ] : X ×X → F with the following
properties:
(1) [x+ y, z] = [x, z] + [y, z], [λx, y] = λ[x, y], [x, λy] = λ[x, y] for all λ ∈ F and
x, y ∈ X ,
(2) [x, x] > 0 when x 6= 0,
(3) |[x, y]| ≤ [x, x]1/2[y, y]1/2 for all x, y ∈ X,
and moreover, it is compatible with the norm in the sense that [x, x]1/2 = ‖x‖.
Recall that X is said to have a Gateaux differentiable norm at x 6= 0 whenever
lim
t→0,t∈R
‖x+ ty‖ − ‖x‖
t
exists for all y ∈ X .
Remember also that a support functional φx at x ∈ X is a norm-one linear
functional in X∗ such that φx(x) = ‖x‖. By the Hahn–Banach theorem there
always exists at least one such functional for every x ∈ X .
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A normed space X is said to be smooth at x if there exists a unique support
functional at x. If X is smooth at each one of its points then X is said to be smooth.
It is well known, see for instance [5, Theorem 1, p. 22], that a Banach space X is
smooth at x if and only if the norm is Gateaux differentiable at x. Moreover, in
this case, the real part Reφx of a unique support functional φx at x is given by
Reφx(y) = lim
t→0,t∈R
‖x+ ty‖ − ‖x‖
t
. (2)
If X is not smooth then there are many semi-inner products compatible with the
norm. However, if X is smooth then [x, y] := ‖y‖φy(x), where φy is the support
functional at y, is the unique semi-inner product with [x, x]1/2 = ‖x‖.
Now the following natural question arises: Let X,Y be normed spaces and f :
X → Y a mapping such that
|[f(x), f(y)]| = |[x, y]|, x, y ∈ X. (3)
Is it true that f satisfies (3) if and only if it is phase equivalent to either a linear
or an anti-linear isometry? Let us first check that in general even not all linear
isometries satisfy (3).
Example 1.1. Let T : (l2∞,R)→ (l
2
∞,R) be defined by T (x, y) = (y, x) and let the
semi-inner product for x = (x1, x2) and y = (y1, y2) be defined by
[x, y] =


x1y1 if |y1| > |y2|
x2y2 if |y1| < |y2|
3
4x1y1 +
1
4x2y2 if |y1| = |y2|.
Then for x = (1, 0) and y = (1, 1) we get [x, y] = 34 and [Tx, T y] =
1
4 .
However, ifX and Y are smooth normed spaces, then a mapping phase equivalent
to a linear or an anti-linear isometry satisfies (3). Indeed, if U is a linear or an
anti-linear isometry, then ‖Uy + tUx‖ = ‖y + tx‖, t ∈ R, hence by (2)
ReφUy(Ux) = Reφy(x)
and then also [Ux,Uy] = [x, y]. From
[f(x), f(y)] = [σ(x)Ux, σ(y)Uy] = σ(x)σ(y)[Ux,Uy]
the claim follows. In our main result Theorem 2.2 we show that the converse also
holds.
2. Results
Throughout, for a normed space (X, ‖·‖), by [ ·, · ] we denote a semi-inner product
satisfying ‖x‖ = [x, x]1/2. We denote by PX = {〈x〉 : x ∈ X} the set of all one-
dimensional subspaces of a normed space X . If M ⊂ X then 〈M〉 will denote the
subspace generated by the set M . If L ⊆ X is a two-dimensional subspace then
L = 〈L〉 is called a projective line. Recall also that A : X → Y is semilinear if
A(x + y) = Ax + Ay and A(λx) = h(λ)Ax, x, y ∈ X , λ ∈ F, where h : F → F is a
homomorphism. Next we state the fundametal theorem of projective geometry in
the form in which it will be needed, see [6, Theorem 3.1].
Theorem 2.1 (Fundamental theorem of projective geometry). Let X and Y be
vector spaces over F of dimensions at least three. Let g : PX → PY be a mapping
such that
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(i) The image of g is not contained in a projective line.
(ii) 0 6= c ∈ 〈a, b〉, a 6= 0 6= b, implies g(〈c〉) ∈ 〈g(〈a〉), g(〈b〉)〉.
Then there exists an injective semilinear mapping A : X → Y such that
g(〈x〉) = 〈Ax〉, 0 6= x ∈ X.
Moreover, A is unique up to a non-zero scalar factor.
In the proof of the next theorem we will also need the notion of orthogonality in
normed spaces. Remember that x ∈ X is Birkhoff-James orthogonal to y ∈ X ,
x ⊥ y if ‖x+ λy‖ ≥ ‖x‖ for all λ ∈ F.
When x ∈ X is a point of smoothness, then x ⊥ y if and only if y belongs to the
kernel of the unique support functional at x, see [7, Proposition 1.4.4.]. Important
consequence is that Birkhoff-James orthogonality is right additive in smooth spaces,
that is, x ⊥ y, x ⊥ z ⇒ x ⊥ y + z. Also note that in this case x ⊥ y if and only if
[y, x] = 0.
Theorem 2.2. Let X and Y be smooth normed spaces over F and suppose that
f : X → Y is a surjective mapping satisfying
|[f(x), f(y)]| = |[x, y]|, x, y ∈ X.
(i) If dimX ≥ 2 and F = R, then f is phase equivalent to a linear surjective
isometry.
(ii) If dimX ≥ 2 and F = C, then f is phase equivalent to a linear or conjugate
linear surjective isometry.
Proof. Let λ ∈ F and x ∈ X . We will show that f(λx) = γf(x), where γ = γ(λ, x)
depends on λ and on x, and |γ| = |λ|. The function
ξ 7→ ‖f(λx)− ξf(x)‖ (4)
is continuous and tends to infinity when |ξ| tends to infinity. Hence there is at least
one point, say γ, such that the function in (4) achieves its global minimum. Thus
min
ξ∈F
‖f(λx)− ξf(x)‖ = ‖f(λx)− γf(x)‖.
Note that
‖f(λx)− γf(x) + µf(x)‖ ≥ ‖f(λx)− γf(x)‖
for all µ ∈ F, hence f(λx) − γf(x) ⊥ f(x). Since f is surjective, there is z ∈ X
such that f(z) = f(λx) − γf(x). Then from f(z) ⊥ f(x) we get z ⊥ x, and
then z ⊥ λx and f(z) ⊥ f(λx). Since Y is smooth, Birkhoff-James orthogonality
is right additive, so from f(z) ⊥ f(λx) and f(z) ⊥ f(x) we conclude f(z) ⊥
f(λx)− γf(x) = f(z). Thus f(z) = 0 and we have f(λx) = γf(x). Furthermore,
|λ|‖x‖ = ‖λx‖ = ‖f(λx)‖ = ‖γf(x)‖ = |γ|‖f(x)‖ = |γ|‖x‖,
which implies |γ| = |λ|.
Next, let x, y ∈ X be linearly independent. We will show that f(x + y) =
αf(x) + βf(y), where α = α(x, y), β = β(x, y), and |α| = |β| = 1. Analogously as
before we obtain α, β ∈ F such that
min
ξ,η∈F
‖f(x+ y)− ξf(x)− ηf(y)‖ = ‖f(x+ y)− αf(x) − βf(y)‖.
Furthermore, it is easy to see that
f(x+ y)− αf(x) − βf(y) ⊥ f(x) and f(x+ y)− αf(x) − βf(y) ⊥ f(y).
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Take z ∈ X such that f(z) = f(x+ y)− αf(x)− βf(y). Then f(z) ⊥ f(x) implies
z ⊥ x, f(z) ⊥ f(y) implies z ⊥ y and smoothness of X implies z ⊥ x + y and
then f(z) ⊥ f(x+ y). Hence f(z) ⊥ f(z) and f(z) = 0. Let us show that |α| = 1.
Let minλ ‖x + λy‖ = ‖x + λ0y‖. Then x + λ0y ⊥ y and x + λ0y 6⊥ x. Indeed,
suppose that x+ λ0y ⊥ x. Then by the right additivity we get x+ λ0y ⊥ x+ λ0y.
This would mean that x + λ0y = 0, a contradiction because x and y are linearly
independent. Denote w = x+ λ0y. Since w ⊥ y we also have f(w) ⊥ f(y). Then
[f(x+ y), f(w)] = α[f(x), f(w)] + β[f(y), f(w)]
= α[f(x), f(w)],
which implies
|α||[x,w]| = |α||[f(x), f(w)]| = |[f(x+ y), f(w)]|
= |[x+ y, w]| = |[x,w]|,
hence |α| = 1. Similarly we get |β| = 1.
Let us prove that f induces a surjective mapping f˜ : PX → PY defined by
f˜(〈x〉) = 〈f(x)〉. Suppose 〈x〉 = 〈y〉, that is y = λx. Then f(y) = f(λx) = γf(x)
for some γ ∈ F and then 〈f(y)〉 = 〈f(x)〉. So f˜ is well defined and surjective because
f is surjective.
Now suppose that dimX ≥ 3 and let x ∈ X be a unit vector. Choose a unit
vector y ∈ kerφx, where φx is the support functional at x, and then choose a unit
vector z ∈ kerφx ∩ kerφy, where φy is the support functional at y. Then from
x ⊥ y, x ⊥ z and y ⊥ z follows that x, y, z are linearly independent. Indeed, y and
z are linearly independent because y ⊥ z. From x ⊥ y and x ⊥ z it follows, using
homogeneity and right additivity of Birkhoff-James orthogonality, that x ⊥ 〈y, z〉,
hence x, y, z are linearly independent. Now f(x), f(y), f(z) are unit vectors such
that f(x) ⊥ f(y), f(x) ⊥ f(z) and f(y) ⊥ f(z). As before we conclude that
f(x), f(y) and f(z) are linearly independent. So the image of f is not contained
in a two-dimensional subspace, thus the image of f˜ is not contained in a projective
line. This shows that f˜ satisfies condition (i) of Theorem 2.1. Furthermore, from
f(λx) = γf(x) and f(x + y) = αf(x) + βf(y) it follows that condition (ii) of
Theorem 2.1 is also satisfied.
Thus by Theorem 2.1 we conclude that f˜ is induced by a bijective semilinear
mapping A : X → Y , that is,
f˜(〈x〉) = 〈Ax〉, x ∈ X.
Fix a nonzero x ∈ X . Then f(x) = λAx for some nonzero λ ∈ F. Let y ∈ X be
such that x and y are linearly independent. Then f(y) = µAy and f(x + y) =
νA(x+y). Note also that Ax and Ay are linearly independent since A is semilinear
and bijective. Thus from f(x+ y) = αf(x)+βf(y) = αλAx+βµAy we get αλ = ν
and βµ = ν. Since |α| = |β| = 1 we get |λ| = |µ| = |ν|. Hence f(z) = λ(z)Az with
|λ(z)| = |λ| for all z ∈ X . Let U = λA and σ(z) = λ(z)/λ for every z ∈ X . Then
σ : X → F is a phase function and
f(z) = λ(z)Az = σ(z)Uz, z ∈ X.
If F = R then A (hence also U) is linear, because any nontrivial homomorphism
h : R→ R is identity. Suppose F = C. Let ξ ∈ C. Then
f(ξz) = λ(ξz)A(ξz) = λ(ξz)h(ξ)Az,
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and on the other hand f(ξz) = ξ′f(z) = ξ′λ(z)Az. Because |λ(ξz)| = |λ(z)| and
|ξ′| = |ξ| we get |h(ξ)| = |ξ|. Then h is continuous at zero, hence continuous every-
where. A continuous homomorphism h : C → C is either identity or conjugation.
Therefore A, and also U , is linear or conjugate linear. It is now clear that U is an
isometry. It is surjective because f is surjective. This completes the proof.
Let us now suppose that dimX = 2. Let us fix linearly independent x0, y0 ∈ X .
Let A(x0) = f(x0). For every µ ∈ F there exist ω1, ω2 ∈ F such that f(x0+ µy0) =
ω1f(x0) + ω2f(y0), with |ω1| = 1, |ω2| = |µ|. Let h(µ) = ω2/ω1 and A(µy0) =
h(µ)f(y0). Note that |h(µ)| = |µ|. Furthermore, let us define A(x0 + µy0) =
A(x0) +A(µy0). For λ, µ ∈ F,
f(x0 + (λ + µ)y0) = ω1f(x0) + ω1h(λ+ µ)f(y0),
and also
f(x0 + (λ+ µ)y0) = f((x0 + λy0) + µy0) = ω2f(x0 + λy0) + ω3f(y0)
= ω4f(x0) + ω4h(λ)f(y0) + ω3f(y0).
Since f(x0) and f(y0) are also linearly independent, ω4 = ω1 and ω4h(λ) + ω3 =
ω1h(λ+ µ), with |ω1| = 1 and |ω3| = |µ|. Then
h(λ+ µ) = h(λ) +
ω3
ω1
, (5)
which implies
|λ+ µ| = |h(λ+ µ)| =
∣∣∣h(λ) + ω3
ω1
∣∣∣
with |h(λ)| = |λ| and |ω3/ω1| = |µ|. This yields
∣∣∣λ
µ
+ 1
∣∣∣ =
∣∣∣h(λ)ω1
ω3
+ 1
∣∣∣
with |λµ | = |h(λ)
ω1
ω3
|. It can be easily verified that
λ
µ
= h(λ)
ω1
ω3
or
λ
µ
= h(λ)
ω1
ω3
,
that is,
ω3
ω1
= h(λ)
µ
λ
(6)
or
ω3
ω1
= h(λ)
µ
λ
. (7)
Let us fix η ∈ F. If (6) holds for λ = 1 and µ = η − 1 then (5) implies
h(η) = h(1)η.
If (7) holds for λ = 1 and µ = η − 1 then (5) implies
h(η) = h(1)η.
If F = R we are done. Suppose that F = C. Note that (5) becomes
h(λ+ µ) = h(λ) + h(λ)
µ
λ
,
or
h(λ+ µ) = h(λ) + h(λ)
µ
λ
.
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If for some λ ∈ F \ R we have h(λ) = h(1)λ and for some µ ∈ F \ R we have
h(µ) = h(1)µ then
h(µ) = h(λ+ (µ− λ)) = h(λ) + h(λ)
µ− λ
λ
= h(1)µ
or
h(µ) = h(λ+ (µ− λ)) = h(λ) + h(λ)
µ− λ
λ
= h(1)
λ
λ
µ.
In both cases we arrive at a contradiction with λ, µ /∈ R. Hence h(λ) = h(1)λ for
every λ ∈ R or h(λ) = h(1)λ for every λ ∈ R. Let k = h(1) and let A(y0) =
kf(y0). Then A(µy0) = µA(y0) or µA(y0), and A(x0 + µy0) = A(x0) + µA(y0) or
A(x0 + µy0) = A(x0) + µA(y0), respectively. In the first case we extend A to X by
A(λx0 + µy0) = λA(x0 +
µ
λy0), and in the second case by λA(x0 +
µ
λy0). Such A is
linear or conjugate linear. From
‖λx0 + µy0‖ = |λ| ‖f(x0 +
µ
λ
y0)‖ = |λ| ‖f(x0) + h(
µ
λ
)f(y0)‖
= |λ| ‖A(x0 +
µ
λ
y0)‖ = ‖A(λx0 + µy0)‖,
we conclude that A is an isometry. Finally,
f(λx0 + µy0) = λ
′f(x0 +
µ
λ
y0)
= λ′(ωf(x0) + ωh(
µ
λ
)f(y0)) = ω
λ′
λ
A(λx0 + µy0)
for some ω, λ′ ∈ F such that |ω| = 1, |λ′| = |λ|. It remains to define σ(λx0+µy0) =
ω λ
′
λ . 
Remark 2.1. IfX is one-dimensional thenX is obviously smooth. Suppose that Y is
a smooth normed space and f : X → Y a mapping such that |[f(x), f(y)]| = |[x, y]|,
x, y ∈ X . Let λ ∈ F and fix a unit vector x ∈ X . Analogously as in Theorem 2.2,
we obtain f(λx) = γf(x) for some γ ∈ F, which depends on λ, and |γ| = |λ|. Now
for z = λx define phase function σ(z) = γ/λ and define a linear surjective isometry
U : X → Y by Uz = λf(x). Then f = σU and we conclude that f is phase
equivalent to a linear surjective isometry.
Maksa and Pa´les, see [14], showed that for a mapping f : H → K, where H and
K are real inner product spaces, Wigner’s theorem is equivalent to the requirement
that f satisfies the following condition:
{‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = {‖x+ y‖, ‖x− y‖}, x, y ∈ H. (8)
They asked for possible generalizations in the setting of real normed spaces, that
is, if X and Y are real normed spaces and f : X → Y a mapping, is it true that f
satisfies (8) if and only if f is phase equivalent to a linear isometry?
Recall that a normed space X is said to be strictly convex whenever the unit
sphere SX contains no non-trivial line segments, that is, each point of SX is an
extreme point of a unit ball BX .
The following proposition generalizes [14, Theorem 2 (i) ⇔ (iv) ⇔ (v)].
Proposition 2.3. Let X, Y be real smooth normed spaces, Y strictly convex,
f : X → Y surjective. The following assertions are equivalent:
(i) |[f(x), f(y)]| = |[x, y]|, x, y ∈ X.
(ii) f is phase equivalent to a linear surjective isometry.
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(iii) {‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = {‖x+ y‖, ‖x− y‖}, x, y ∈ X.
Proof. (i) ⇒ (ii) is Theorem 2.2, and (ii) ⇒ (iii) is obvious. It remains to prove
(iii) ⇒ (i). Let x = y. Then from {2‖f(x)‖, 0} = {2‖x‖, 0} we get ‖f(x)‖ = ‖x‖,
x ∈ X . Insert 2x and x in (iii) to get
{‖f(2x) + f(x)‖, ‖f(2x)− f(x)‖} = {3‖x‖, ‖x‖}, x ∈ X.
Hence for x ∈ X either ‖f(2x) + f(x)‖ = 3‖x‖ or ‖f(2x) + f(x)‖ = ‖x‖.
Suppose that x ∈ X is such that ‖f(2x) + f(x)‖ = 3‖x‖. Then from
3‖x‖ = ‖f(2x) + f(x)‖ ≤ ‖f(2x)‖+ ‖f(x)‖ = 3‖x‖
and strict convexity of Y we get f(2x) = 2f(x). If ‖f(2x) − f(x)‖ = 3‖x‖, then,
analogously, we get f(2x) = −2f(x). Therefore f(2x) = ±2f(x), x ∈ X . Let
n = 2m. Then from f(nx) = ±nf(x), x ∈ X , we have
n(‖f(x) + 1nf(y)‖ − ‖f(x)‖) = ‖ ± f(nx) + f(y)‖ − n‖f(x)‖
= ‖nx± y‖ − n‖x‖ = n(‖x± 1ny‖ − ‖x‖), y ∈ X.
Thus |[f(y), f(x)]| = |[y, x]|, x, y ∈ X and the proof is completed. 
In the last part of the paper we consider mappings f : X → Y satisfying
[f(x), f(y)] = [x, y], x, y ∈ X. (9)
Namely, it is easy to see that in the setting of inner product spaces any such
mapping is necessarily a linear isometry.
Proposition 2.4. Let X and Y be normed spaces and f : X → Y a mapping such
that [f(x), f(y)] = [x, y], x, y ∈ X.
(i) If f is surjective then f is a linear isometry.
(ii) If X = Y is smooth Banach space then f is a linear isometry.
Proof. (i). From
[f(λx + µy), f(z)] = [λx+ µy, z] = λ[x, z] + µ[y, z]
= λ[f(x), f(z)] + µ[f(y), f(z)] = [λf(x) + µf(y), f(z)]
we conclude
[f(λx+ µy)− λf(x)− µf(y), f(z)] = 0 (10)
for all x, y, z ∈ X and all λ, µ ∈ F. Since f is surjective, linearity of f follows.
(ii). The proof is by contradiction. Let us denote u = f(λx+µy)−λf(x)−µf(y)
and suppose that u 6= 0. From (10) we get f(z) ⊥ u for all z ∈ X and because
X is smooth this is equivalent to φf(z)(u) = 0. Because of the homogeneity of
orthogonality relation we may and do assume that ‖u‖ = 1. From
‖φu + ξφf(z)‖ ≥ |φu(u) + ξφf(z)(u)| = |φu(u)| = 1 = ‖φu‖
for all ξ ∈ R we conclude φu ⊥ φf(z) for all z ∈ X . Homogeneity of Birkhoff-James
orthogonality implies φu ⊥ ξφf(z) for all z ∈ X , ξ ∈ R. Furthermore,
‖f(z)‖φf(z)(f(w)) = [f(w), f(z)] = [w, z] = ‖z‖φz(w)
shows
φf(z) ◦ f = φz , z ∈ X.
By the Bishop–Phelps theorem (see [4] or a recent survey [1]), for given ψ ∈ X∗
and ε > 0 there exists θ ∈ X∗, ‖θ‖ = ‖ψ‖ and ‖ψ − θ‖ < ε, such that there exists
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z ∈ SX satisfying θ(z) = ‖θ‖. Then ±
1
‖θ‖θ is the support functional at z ∈ SX .
Thus θ = ±‖θ‖φz ∈ {ξφz : z ∈ X, ξ ∈ R}. Hence X
∗ is contained in the norm
closure of {ξφz : z ∈ X, ξ ∈ R}. Since the reverse inclusion is trivial we conclude
that X∗ is equal to the norm closure of {ξφz : z ∈ X, ξ ∈ R}. Then from
{ξφf(z) : z ∈ X, ξ ∈ R} ⊇ {ξφf(z) ◦ f : z ∈ X, ξ ∈ R}
and φf(z) ◦ f = φz for all z ∈ X we conclude that X
∗ is equal to the norm closure
of {ξφf(z) : z ∈ X, ξ ∈ R}. Then φu ⊥ ξφf(z) for all z ∈ X and ξ ∈ R implies
φu = 0. This shows that our assumption u 6= 0 is false and f must be linear. This
completes the proof. 
Corollary 2.5. Let X and Y be normed spaces, X smooth and f : X → Y a
mapping. If f is surjective or X = Y then the following assertions are equivalent:
(i) [f(x), f(y)] = [x, y], x, y ∈ X.
(ii) f is a linear isometry.
Proof. That (i)⇒(ii) follows by Proposition 2.4. Let us prove (ii)⇒(i). Take ar-
bitrary u, v ∈ Y and find x, y ∈ X such that u = f(x) and v = f(y). Then
from
1
t
(‖u+ tv‖ − ‖u‖) =
1
t
(‖f(x) + tf(y)‖ − ‖f(x)‖) =
1
t
(‖x+ ty‖ − ‖x‖)
it follows that Y is also smooth and [f(x), f(y)] = [x, y]. 
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